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Abstract 

We investigate the algebra generated by the topological Wilson loop operators in WZW 
models. Wilson loops describe the nontrivial fixed points of the boundary renormalization 
group flows triggered by Kondo perturbations. Their enveloping algebra therefore encodes 
all the fixed points which can be reached by sequences of Kondo flows. This algebra is 
easily described in the case of SU(2), but displays a very rich structure for higher rank 
groups. In the latter case, its action on known D-branes creates a profusion of new and 
generically non-rational D-branes. We describe their symmetries and the geometry of their 
worldvolumes. We briefly explain how to extend these results to coset models. 



1 Introduction 

The classification of all boundary conditions (or D-branes) compatible with a given two di- 
mensional conformal field theory (CFT) is still an unsolved problem. In view of the numerous 
applications of D-branes in string theory, as well their relevance to the description of critical 
condensed matter systems with boundaries, such a classification would be highly desirable. Yet, 
even a sketch of a program to achieve it is lacking. Among CFT's, rational conformal field the- 
ories (RCFT's) are especially simple as they involve only a finite number of primary fields. So 
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far, all the known examples of RCFT's can be constructed from Wess-Zumino-Witten or coset 
model^j] The RCFT's for which the D-branes have been completely classified are the minimal 
models [2], the free boson at the self-dual radius (which is equivalent to the SU(2) WZW model 
at level 1) [3] and the free boson at an irrational radius (as a multiple of the self-dual radius) 
[I]. Compared to the full set of WZW and coset models, this list is disappointingly short. 

In this paper, we will explore the algebra of topological one-dimensional defects on the 
worldsheet, a tool that is likely to play a central role in a future classification. We will see 
that this algebra allows to construct many previously unsuspected D-branes, and that the clas- 
sification problem for this particular class of D-branes amounts to finding a complete set of 
generators and relations of the algebra of defects. 

Topological defects can be continuously deformed on the worldsheet without affecting cor- 
relation functions. As a result, the set of topological defects supported on cycles in a given 
homotopy class naturally carries a multiplicative structure. Indeed, two such defects can be 
deformed so that they lie closer and closer, eventually becoming indistinguishable from a single 
defect. In the same spirit, topological defects linking a boundary supporting a D-brane can be 
pushed on it, yielding a new D-brane. Topological defects therefore act on the set of D-branes, 
and this action is compatible with the multiplication. Practically, this multiplicative structure 
can be represented on the state space of the CFT by an algebra of defect operators. The action 
of defect operators on boundary states reproduces the action of defects on D-branes. 

In the case where defects and D-branes are required to preserve a rational vertex subalgebra 
of the spectrum generating algebra of the theory, a categorical framework allows to classify 
them completely [SJE]. We will call such defects and D-branes rational. However, the Virasoro 
algebra associated to the conformal symmetry is generally not a rational vertex subalgebra of 
the spectrum generating algebra of WZW and coset models. As a result, the generic D-branes 
compatible with the conformal symmetry are not rational. This simple fact is at the heart of the 
difficulties in classifying the conformal D-branes, and explain why the categorical framework as 
it stands is of little use to solve this problem. 

Even if some constructions exist [7], there is no straightforward way of building directly 
non-rational D-branes in a rational theory. In contrast, thanks to their multiplicative structure, 
it may be extremely easy to construct non-rational defects. Indeed, if a RCFT is rational with 
respect to two distinct vertex algebras, then the product of two rational defects, each preserving 
one of the vertex algebras, will in general not be a rational defect. In turn, once non-rational 
defects are known, their action on a rational D-brane will in general yield non-rational D-branes. 

As noted above, all the known RCFT's are constructed from affine Kac-Moody algebras, 
so we will only consider this type of vertex algebras here. We are not aware of a classification 
of the rational vertex subalgebras of a Kac-Moody algebra^ g, but there is a natural class of 

1 Recent results indicate that other types of RCFT's might exist, see [T]. 

2 To simplify the notation, we write g both for the infinite dimensional Lie algebra and the associated vertex 
algebra. It should be clear from the context which algebra is relevant. 
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such subalgebras, of the form a ® g/a, where a is (the vertex algebra associated to) an affine 
Kac-Moody subalgebra of g and g/a is the coset vertex algebra, built out of all fields in g 
commuting with 6. The corresponding rational topological defects also have a straightforward 
physical interpretation: they are Wilson loops on the worldsheet, namely worldlines of particles 
whose spin (valued in the horizontal subalgebra o) couples minimally to the Kac-Moody current. 
In this paper, we will investigate the algebra generated by all Wilson loops associated to affine 
Kac-Moody algebras embeddings a C 0. This algebra will be referred to as the Wilson algebra 
in the sequel. 

Of course, we do not expect the Wilson algebra to include all the topological defects of the 
WZW model. There are in particular some defects associated to U(l) subgroups [8] which will 
not be included. (These defects should create the D-branes of [7] when acting on maximally 
symmetric D-branes.) The Wilson algebra is however an interesting truncation of the algebra 
of topological defects, because the Wilson loops operators encode information about the fixed 
points of the (possibly symmetry breaking) Kondo boundary renormalization group flows [5|ITU]. 
Indeed, these flows are always of the form 

nl| B)^W\B), neN, 

where | B) is any boundary state, nt is the operator corresponding to n copies of the trivial 
defect, and W is the operator associated to a Wilson loop. As a result, products of Wilson 
loops describe the fixed points resulting from sequences of Kondo flows and the set of all these 
fixed points is encoded in the structure of the Wilson algebra. It is especially remarkable that 
the classification of (a subset of) the conformal fixed points of a theory reduces to a purely 
algebraic problem. 

Ideally, we would like to find a complete set of generators and relations for the Wilson 
algebra. With this information, we could classify all the D-branes which can be obtained from 
a given known D-brane by a sequence of Kondo flows. While a complete set of generators and 
some relations can be written straightforwardly, finding all the relations is generally a difficult 
problem that we will be able to solve only for the WZW models based on SU (2) and on SU (3) 
at level 1. Unfortunately, in these cases, no previously unknown D-brane is generated by the 
Kondo flows. The investigation of the next examples in term of complexity, namely SU(3) at 
level 2 and USp(4) at level 1 will show that new D-branes are generated in these cases, but we 
do not know whether the set of found relations is complete, impairing a classification of these 
new D-branes. 

In complement to this low-level algebraic investigation, we also study the action of the 
Wilson algebra at large level, where a geometric interpretation of the D-branes is available. This 
analysis makes it clear that arbitrary products of Wilson loops generate new D-branes. Indeed, 
we can associate to each element in the Wilson algebra a submanifold M of the target space 
Lie group G, such that its action on a D-brane with worldvolume M' is given by the pointwise 
product of M and M' . Similarly, the manifold corresponding to the product of two elements 
in the Wilson algebra is given by the pointwise product of their associated manifolds. Under 
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this correspondence, Wilson loops are mapped to conjugacy classes in the simple subgroup 
A corresponding to the preserved Kac-Moody subalgebra a C 0. As a result, the action of 
the Wilson algebra on a DO-brane boundary state produces D-branes which worldvolumes are 
pointwise products of conjugacy classes of arbitrary simple subgroups of G. Rational D-branes 
of this type were described in [TTJ Q2], in the case of a sequence of embeddings A\ C ... C 
Ak C G. Our results show that when the subgroups do not form a sequence of embeddings, the 
corresponding D-branes still exist, but are non-rational. 

The paper is organized as follows. In section [2] we review the concept of topological defect. 
We also briefly present a certain class of defects and D-branes of the WZW models. For 
reference, the Lie theoretic notation is introduced in section 2.2 In section [3] we define the 
Wilson algebra and derive universal relations. We then study the action of the Wilson algebra 
on the boundary states of the WZW model in section |4| We argue that any element of the 
Wilson algebra produces a consistent boundary state when acting on the DO-brane boundary 
state and we study the symmetries of these new D-branes. Section [5] contains the large level 
geometrical study and section [6] a few low-level examples, for which it is possible to enumerate 
the generators of the Wilson algebra, make their action explicit and uncover extra relations. 
We discuss very briefly in section [7] how these results can be applied to WZW models with 
non-diagonal modular invariant and coset models. 



2 A reminder about D-branes and defects in WZW models 
2.1 Topological defects 

A defect is called topological if the correlation functions involving it depend only on the ho- 
motopy class of the cycle supporting it. The set of topological defects carries a multiplicative 
structure (figure S, and can be mapped injectivel^ into the algebra of bounded operators 
on the closed string state space H (figure [I]). Furthermore, topological defects have a natural 
action on D-branes (figure [3]). These ideas are developed rigorously in [5]. 

Defects can be added, just like D-branes can be stacked, and this operation corresponds to 
the addition of the corresponding operators. They also have to satisfy positivity and integrality 
conditions related to the Cardy condition for boundary states when they are inserted in a 
cylinder amplitude. Therefore, the difference of two defects is in general not a defect. As a 

3 We are touching here a subtle point. Strictly speaking this statement, which holds for rational defects jS], 
is not true for non-rational defects. There is at least one example of a one-parameter family of distinct defects 
which correspond to the same operator j8]. However this example is somewhat pathological, as the family is 
constructed from a non-hermitian perturbation of a single defect. We will not encounter any defect of this 
type: our non-rational defects will always be expressed as sums and products of rational defects. It seems 
therefore reasonable to consider that the map from the Wilson algebra to operators on TL is injective, and we 
will always interpret an equality of defect operators as an equality of defects. But we cannot completely exclude 
the possibility that some of the non-rational defects operators and boundary states found in this paper actually 
correspond to several distinct defects and D-branes. 
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Figure 1: Pick a state v in the closed string state space H of the CFT. By the state-operator 
correspondence, v gives rise to a bulk field (j). Imagine encircling the insertion of by a 
topological defect W. Because of the topological property, the defect can be shrunk around the 
insertion, leaving macroscopically a new bulk field 4>' associated to a vector v' G H. We define 
the action of the defect on H by W(v) = v'. 




Figure 2: Similarly, two topological defects W and W supported on cycles in the same ho- 
motopy class can be deformed until they form macroscopically a single defect WW, providing 
the set of topological defects with a multiplicative law. Using the topological property, it is 
straightforward to check that this multiplicative law translates into the composition of the 
corresponding operators. 




Figure 3: Finally, a topological defect W encircling a boundary supporting a D-brane B can 
be shrunk onto the boundary, yielding a new D-brane WB. The action of the defect on the 
D-brane is given by the action of the defect operator on the corresponding boundary state, seen 
as an element of (a completion of) H. 
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result, the set of defects forms an algebra over the semiring^] N. 



2.2 Wilson loop operators 

Let us now specialize the discussion to a WZW model based on a compact, simple and simply- 
connected Lie group G and fix some notation. 

Denote by g the Lie algebra of G and g the corresponding untwisted affine Kac-Moody 
algebra. We will write Qk when we are specializing the level of g to the positive integer value k. 
Let a be a simple subalgebra of g. {e a }, a = 1, ...,dim(g) and {e^}, i = 1, ...,dim(a) will denote 
bases of g and a orthonormal with respect to their respective Killing forms, and 7r a 4 the matrix 
elements of the projection of g onto a. 

The embedding a C g generates an embedding of affine Kac-Moody algebras a x k C 0^, where 
x is the embedding index of o (see the section 13.7 of [13]). We will denote the generators of 
8k by J% with n G 22, and write J a (z) = J2nez Jn z ~ X ~ n ■ The generators of a x k are J l n = J^a- 
The spectrum generating algebra of the WZW model is composed of two copies of g^. The 
generators of the second (antiholomorphic) copy will be written J^. 

Let P a be the set of dominant weights of o, p a be the representation of a of highest weight 
a G P a and V£ the corresponding irreducible module. Similarly, let P axk be the set of integrable 
weights of o at level xk and H* xk the integrable module with highest weight a G P° xk . As we 
will always work at a fixed level, we will identify the affine weights of a x k with their horizontal 
part in P a . 

Consider the classical WZW model defined on a Riemann surface S with a holomorphic 
coordinate z. The classical current is defined from the sigma-model map g : E — ► G by 
j a (z)e a = —k(d z g)g~ 1 . We can define a o-valued current j l {z) = j a (z)ir*. Now let us choose 
a G P a . The classical Wilson loop associated to o and a is the non-local observable given by 



where C is an oriented loop on S and P is the path ordering along C. This observable is 
topological, in the sense that it depends on C only through its homotopy class. When o = g, it 
measures the holonomy of the pull-back j{z) of the Maurer-Cartan connection. In general, it 
computes the holonomy of the projected connection j(z). As the holonomy is a gauge invariant 
observable, has vanishing Poisson bracket with the functions f(z). 

Upon quantization, the closed string states of the WZW model with charge conjugation 
modular invariant form a Hilbert space isomorphic to 



4 Recall that a semiring satisfies the same axioms as a ring, except that addition is not required to be invertible. 
Algebras and modules can be denned over semirings in a straightforward way, see the appendix |A| 




(1) 



(2) 
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The holomorphic current J{z) acts only on the first factors of the summands of H. The quantum 
counterpart of |IJ is expected to be an operator on H expressible as a series in J % n . We also 
expect the quantization procedure to preserve the classical symmetries of the Wilson loop, so 
the defect operator should centralize a x k- It turns out that these properties allow to determine 
the quantum defect operator uniquely [TU] (see also [9| for a perturbative approach to the 
quantization of a one parameter deformation of these loop operators). The defect operator W" 
is characterized by its eigenvalues on a^-modules: 

w ^ = Xc {^fl {T + p) ) 1 = t^ 1 onH " xk ' (3) 

where h and p are respectively the dual Coxeter number and the Weyl vector (half the sum of 
the positive roots) of a. Xa is the character of the representation p a , seen as a function on the 
weight space of o. In the second equality, we assumed that a G P axk and we used a well-known 
identity (see [13J, section 14.6.3) to reexpress the character in term of the modular S matrix of 

&xk- 

Through an iterative procedure, W£ can indeed be constructed as a series in J l (z) commut- 
ing with a x k- This important fact allows to deduce the action of W° on H from its action on 
the integrable highest weight modules of a x k- To this end, we should decompose H as follows: 

« = © © H > k ® H M ® H P > W 

where are the multiplicity spaces occurring in the decomposition of Qk modules into a x k 

modules. (These multiplicity spaces are the basic building blocks of the state space of the 
Qk/^xk coset model.) In this decomposition, the action of W£ is straightforward: it acts by the 
scalar multiplication ([3]) on the first factor of each summand in ^ and trivially on the other 
factors. Remark that the Wilson loop labeled by the zero weight always acts like the identity 
operator. 

For fixed a, the algebra generated by the Wilson loop operators is commutative: using (J3j) 
and the Verlinde formula, we get 

W2W? = M£ T V WZ, (5) 

where N£ T V are the fusion coefficients of a x k- Moreover, W° commutes with the Virasoro vertex 
subalgebra of g&, Indeed, it is well-known (for instance [13], section 18.1) that 

r _ r&xfc _i_ r coset 

where L n and L^ xk are the Virasoro generators obtained from the Sugawara construction on 
Qk and a x k respectively, and L^ oset commutes with a x k- Prom the central property of W£, 
it commutes with L^ xk . From the fact that it is a series in the current of a x k, it commutes 
with L^ oset . Therefore it commutes with L n . By the same reasoning, we see that W° actually 
commutes with the vertex algebra d^^ <g> Qk/<*xk, so W£ is a rational defect. 
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2.3 Branes in WZW models 



For our purpose, it will be sufficient to consider D-branes carrying DO-brane charge only. The 
known D-branes of this type can be described in a simple way with the help of Wilson loops. 

The maximally symmetric D-branes preserve the diagonal subalgebra of the spectrum gen- 
erating algebra Qk &> 8k- This condition translates into [HI [TS] 

(JZ + Jl n )\B) = 0. 

This equation admits a unique solution up to scalar multiplication in each of the sectors H^H^* 
of H: the Ishibashi state \fi}}. These "states" are not normalizable and actually belong to a 
completion of H^®H^* . It is however possible to remove the scalar ambiguity in their definition 
by requiring that 

«H^ (Lo+£ °-^| v)) = , (6) 

where xffiq) 1S the affine character of H^, c the central charge of the model and the 
elements of its modular S matrix. This convention differs slightly from the usual one found in 
the literature, which does not include the factor Sq^ on the right hand side. 

The modularity constraint (Cardy's condition) allows to determine which linear combina- 
tions of Ishibashi states yield consistent boundary states. The simplest boundary state corre- 
sponds to the DO-brane and is given by 

|A)>= £ 

The other maximally symmetric boundary states are recovered by the action of the maximally 
symmetric Wilson loop operators W$ on | Bq): 

\B v ) = Wg\Bo)= £ 

In [TJJH2], symmetry breaking rational D-branes were constructed. The corresponding bound- 
ary states can again be nicely described with Wilson loop operators as follows. Consider a chain 
of embeddings of semi-simple Lie groups labeled by upper indices: A 1 C A 2 C ... C A n C G, 
with the corresponding embedding chain of Lie algebras: a 1 C a 2 C ... C a™ C and of Kac- 
Moody algebras: c£ C a\ 2 C ... C a£ C Qk- To a sequence of integrable weights Oi G -P° fc * and 
fi G P~ Sk , associate the boundary stat^] 

12 n 

\B-a 1 ,a 2 ,...,a n ,n) = W« W£ ...W» n W*\ B ) . (7) 

These boundary states satisfy Cardy's condition [TTJ [TJ]. They preserve the rational vertex 
subalgebra 

fcfti ® a I 2 / a fc! ® - ® 9k/at n C g k . 



5 The construction of jlll 112] is more general and allows for D-branes twisted by nontrivial automorphisms 
of a 1 and g, but we will not consider them here. 
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We will see that they are actually part of a much larger family of generically non-rational 
D-branes. 

2.4 Wilson operators and Kondo perturbations 

When its supporting cycle C coincides with a boundary component of the worldsheet, the Wilson 
loop can be seen as the transfer matrix of the Kondo boundary perturbation [IB]. The 
Kondo perturbation is marginally relevant and therefore triggers a boundary renormalization 
group flow. The beautiful idea put forward in |9j (and which can be traced back to [17] ) is that 
this boundary flow is induced from a "universal" renormalization group flow acting on defects. 
Indeed, the defect d a t (consisting of a stack of d a = dim(V a ) copies of the trivial defect) 
admits a perturbation of the Kondo type. The perturbation defines a family of generically non- 
conformal defects which can therefore undergo a renormalization group flow. [9] showed that, 
at least in the large k limit, the IR fixed point of this flow is the Wilson loop defect described by 
the operator W£, and this fact was checked by an explicit integration of the Kondo perturbation 
at a critical value of the coupling in [TU]. When the defect is pushed onto a boundary supporting 
a boundary state | B), the defect flow induces a boundary renormalization group flow 

d a l\B}^ W$\B) . (8) 

Such defect flows are universal, because they induce boundary renormalization group flows when 
acting on any boundary state | B). They provide a justification of the "absorption of boundary 
spin" principle of Afneck-Ludwig [18], an empirical rule used to determine the fixed points of 
the Kondo flow. Its generalization to coset models [HJ [20] can be understood in term of defect 
operators in a similar way [21J. ^ also shows that all the boundary states ([7| are fixed points 
of sequences of boundary renormalization group flows starting from a stack of DO-branes (see 
[22] for a different point of view on this fact). 

There is another set of universal boundary perturbations of the WZW model, namely the 
exactly marginal perturbations corresponding to translations on the group manifold. Such a 
translation is implemented on the boundary states by the exponential of the action of the 
horizontal Lie algebra of Qk- 

| B) -» exp(A a J a ) \B) , g = exp(A a e a ) e G . 

Geometrically, t g = exp(X a J^) translates the worldvolume of the D-brane by the left action of 
g on the group manifold. 

Despite of our notational distinction, it should be emphasized that the operator t g is noth- 
ing but a Wilson operator associated to the commutative subalgebra of g generated by A a e a . 
Indeed, when a is commutative, the path ordering in has no effect. The Wilson loop is easily 
quantized by replacing the classical current j by its quantum counterpart J and performing the 
integration explicitly. The quantum operator obtained is exactly t g . It will therefore be natural 
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to include the operators t g in our study of the algebra of Wilson operators. The corresponding 
defect will be called a "group defect" in the sequel. 

3 The Wilson algebra 

3.1 Definition 

It is natural to study the algebra generated by the defect operators described in the previous 
section. Denote by W the algebra over the semiring N generated by 

• the Wilson operators W£, for all simple subalgebras a C g and all non zero integrable 
weights a of a x k, 

• the groups defect operators t g = exp(A a Jq ) for g = exp(A a e a ) G G. 

The Wilson operators associated to direct sums of Lie algebras are products of Wilson 
operators associated to the irreducible summands. We also saw that the Wilson operators 
associated to commutative subalgebras of g are the group defects t g . Hence the Wilson algebra 
as defined above includes all the Wilson operators associated to reductive subalgebras of g. 

Remark that all the generators are expressed as series in the current J which have well- 
defined actions on the integrable highest weight modules of g. The induced action of W is 
chiral: W acts nontrivially only on the first factors of the components H® k ® Hffi of TL. Note 
also that while each of the families {W£} for a fixed a generates a commutative algebra, W is 
not commutative. 

3.2 Relations 

We can immediately write down some relations for the algebra W. First, obviously, 

tgtgl = tggl . 

For a fixed sublgebra a, the relations (|5| hold: 

WX = Kr v w£ . 

If gag' 1 is the subalgebra obtained from o by the adjoint action of g on g, then 

as is obvious from the representation of W£ as a series in the current of a x k- Therefore we 
need as generators only the Wilson operators associated to one element in each conjugacy class 
of simple subalgebras of g. After reducing the number of generators, we should still include 
relations of the type W£ = t g W£t g -i whenever g € N(A), the normalizer of A. 
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If o and b are two commuting subalgebras, then 

This again follows from the representations of W£ and as series in the commuting currents 
J | a and J\y respectively. 

We will describe now a less obvious type of relations. It is well known (see for instance section 
14.6.4 of [13] ) that the outer automorphism group 0(a K ) of an affine Kac-Moody algebra d at 
level k is isomorphic to the center Za of A. Indeed, let & € 0(a K ) and denote the induced 
operator on the weight space of a by 0. The affine fundamental weight Cjq projects onto the 
zero weight of o, and 

exp ^-2^^0(0)^^ = z n E Z A , 

where we assumed that the first r = rank(a) elements in the orthonormal base {ei} of o generate 
the Cartan subalgebra. The modular S matrix of a K satisfies 

Sfi( CT ) T = S , CTT exp(-2vri(^(0),r)) , 

where a, r are integrable weights at level k and (., .) is the bilinear form induced by the Killing 
form of a. 

Now recall that the eigenvalues of the Wilson operator W£ are given by 

So 

We immediately deduce a new set of relations in the Wilson algebra: 



on 



In particular, the Wilson operators Wq/qj lying in the orbit of the zero weight coincide with 
t zn . The associated topological defects are "group-like" defects in the terminology of [5]. 

Because of these new relations, we can further reduce the set of generators of W, by in- 
cluding only Wilson operators labeled by a chosen representative in each orbit of the outer 
automorphism group of d. Let us summarize here the set of generators and relations so far. 



Generators 


Relations 


W*, tg 


tgtgl = tggl 








W° = tgW^t g -i for g G N(A) 




W*Wl = W*W% if [o, b] = 



(9) 
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with g, g' £ G, a in a set of representatives of each conjugacy class of simple subalgebras of g, 
a, t in a set of representatives of each orbit of the outer automorphism group of 6, except the 
orbit of the zero weight. 

At least in some cases, further relations hold (see for instance the solved case of SU(3) at 
level one in section 6.1), but we see no way of deriving them systematically. 



4 New WZW branes 

In the previous section, we defined the Wilson algebra as the enveloping algebra of all the Wilson 
defect operators associated reductive subalgebras of g. In the rational case, the set of rational 
D-branes forms a module for the algebra of rational defects. A natural conjecture is therefore 
that the set all D-branes of the WZW model should carry an action of algebra of all WZW 
defects, and in particular an action of the Wilson algebra. Put differently, given any boundary 
state | B), each element in the induced module W\ B) should be a consistent boundary state. 
For definiteness, we will consider only the case when B is the DO-brane Bq. 

A very special case is G = SU(2). su(2) does not contain any proper simple subalgebra, 
so the generators of the Wilson algebra are the maximally symmetric Wilson operators W™ s 
indexed by integrable weights of sufc(2), as well as the group defect operators t g , g £ SU (2). The 
maximally symmetric Wilson operators commute with the action of the Kac-Moody algebra, 
hence with t g for any g e SU{2). We can therefore write a typical monomial of the Wilson 
algebra as nt g W™ s with n G N and g G SU(2). Upon acting on the DO-brane state \Bq), 
this element produces a stack of n maximally symmetric D-branes of label [i, translated on 
the group manifold by the left action of g. Hence the structure of the Wilson algebra can be 
completely elucidated in this case and does not lead to the discovery of new D-branes. 

For higher rank groups, most of the elements in W| Bq) do not correspond to any previ- 
ously known boundary state. Therefore we deduce the existence of an abundance of previously 
unsuspected D-branes. 

To prove the consistency of these new D-branes, we would have to show that the boundary 
states W\Bq) satisfy the sewing conditions of [23], in particular the Cardy condition [2] for 
cylinder amplitudes. A direct verification seems very difficult. We will give some physical 
arguments for the consistency of these boundary states later in this section. 



4.1 Symmetries 

Let us first look at the symmetries of the conjectured D-branes. A D-brane preserves a vertex 
subalgebra 6 if the corresponding boundary state | B) satisfies gluing conditions of the form 

(I(X n ) - (-l) h ^I(X„ n ))\B) = . (10) 

In the previous equation, X is a field of V of conformal dimension h(X), and X n are its Laurent 
modes. / is an embedding realizing 6 as a vertex subalgebra of the holomorphic copy of Qk of 
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the spectrum generating algebra of the WZW model. Similarly, I is an embedding of 6 into the 
antiholomorphic copy of Qk- 

The DO-brane preserves Qk, with the trivial embeddings 1 = 1 = lg fc . Moreover, recall that 
W acts only on the holomorphic sector of the theory, so W commutes with I(X^ n ) for any I 
and X_ ra . Let us consider only the "untwisted" case, for which 1 = 1. Then a necessary and 
sufficient condition for 6 to be preserved by a D-brane WBq, W G W, is that W centralizes 
7(6). 



We have seen in section |2.2| that the Wilson loop operators commute with the Virasoro 
subalgebra of Qk- Moreover, the Sugawara construction implies that the zero modes of the 
current commutes with the Virasoro algebra as well, so we have [t g , L n ] = 0. Hence the Virasoro 
subalgebra is preserved: all the D-branes in the set WBq are conformal. (This is equally true 
for any D-brane which boundary state is obtained from the action of an element of W on a 
conformal boundary state.) 

Does a typical D-b rctn6 lictv6 mor6 synini6tri6S ? L6t 6 S y m be the maximal vertex subalgebra 
of Qk preserved by all the D-branes in WBq. The requirement that 6 sym commutes with the 
action of t g , g £ G implies that it is a vertex subalgebra of the Casimir algebra of Qk (see the 
part 7 of |24j). The latter is generated by the fields 

C n (z) = C ai - an : J ai ...J a " : (z) , 

where : ... : is the normal ordering and C ai " a " are the components of the order n Casimir 
operator in the enveloping algebra U(g). However, except for C2(z) = L(z), the higher Casimirs 
do not belong to a x k x Qk/^xk, so they do not commute with the Wilson operators. 

To see this, remark that by definition, the first order pole of the operator product expansion 
(OPE) of the current J l (z) of a x k with any element of a x k x Qk/^xk involves only fields of a x k- 
The OPE of J l (z) with C n (w) is given by 



J\z)C n {w) ~ ^—C iai - a - 1 : J 01 ... J "" 1 : (w) + reg , (11) 

z — w 



where the constant depends on k. The first term of (111 clearly does not belong to a x k- 

We deduce that the D-branes created from the action of a typical element of W on a DO- 
brane preserve only the Virasoro vertex subalgebra of Qk- They break as much symmetry as is 
consistent with conformal symmetry and are non-rational. 

Now we would like to give some evidence for the existence these new D-branes. 



4.2 Construction via boundary RG flows 

All the D-branes in the set WBo can be constructed by sequences of boundary renormalization 
group flows of the Kondo type. We saw in section |2.4| that the Kondo flows are universal 
boundary renormalization group flows of the form 

d a \ B) -» W:\ B) , (12) 
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sending a stack of d a = dim(V^) D-branes of type B on the D-brane which boundary state 
is given by W%\B). The crucial point is that this flow occurs between topological defects: 



d a t — > W£, so (12) is universally valid for any boundary state | B) [§]. 



Consider now a sequence of Wilson operators W\, W 2 , ...,Wk, associated to representa- 



tions of simple subalgebras of g of dimensions d\, d 2 , ■ .,,d k . From the universality of (12), we 
immediately see that we have a sequence of flows 

d x d 2 ...d k \ B ) d x d 2 ...d k ^W k \ B ) ... -» d l W 2 ...W k \ B Q ) WiW 2 ...W fc | 5 ) , 

so that a generic element of W| So) can be obtained from a stack of d k d k -\...d\ DO-branes. 
While this argument is a strong evidence for the existence of these boundary states, it is not a 



rigorous proof, because the validity of (12) for any | B) rests on physical arguments. 

K-theory predicts that D-branes on a Lie group or rank r can carry 2 r_1 different types of 
charges (one of which is the DO-brane charge), but so far D-branes carrying all of the possible 
charges are known only for SU{2) and SU(3) (see [2S] for a recent account). One may wonder 
if the D-branes constructed here may carry some of the missing charges. Unfortunately, the 
sequence of flows displayed above shows that they cannot carry any charge other than the DO- 
brane charge. More generally, the D-branes obtained from the action of the Wilson algebra on 
a D-brane carrying a certain charge can only carry multiples of this charge. 

4.3 Identities between partition functions 

The topological nature of the Wilson loops can be used to derive identities between cylinder 
amplitudes and open string partition functions. Consider the following cylinder amplitude, for 
Wi, W 2 and W 3 in W: 

{B \Wlq^ Lo+L °-&W 2 W 3 \ B ) = {B \WlW 2 q^ Lo+L °-&W 3 \ B ) , q = exp2vrir , 

r being the modular parameter of the cylinder. The equality above stems from the fact that 



any element of W commutes with the Virasoro vertex subalgebra of Q k (see section 4.1). After 



performing a modular transformation, we deduce that the partition function of open strings 
stretching between the D-branes W^WiBq and W 3 Bq coincides with the partition function for 
open strings between W\Bq and W 2 W 3 Bq. 

This property can be used to give another piece of evidence for the existence of the conjec- 
tured D-branes. Consider two boundary states 

WZW2W*\Bo)=Nt T W?W*\Bo) and W$\ B ) . 

The cylinder amplitude for a closed string exchange between these D-branes is 

(B \W^W^W^q^ Lo+L °-^W^\B ) . (13) 

These boundary states are rational and have been described in [TT], where the Cardy condition 



was explicitly checked for the amplitude (13). It was shown that under the modular transform 
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q — ► q = exp — 2m ^, (13) decomposes into a positive integer linear combination of the characters 
of a x k <8> 0fc/o x fc. 

But any D-brane on G admits exactly marginal deformations. These marginal deformations 
can be seen as Goldstone modes: they arise from the global translational symmetries on the 
group which are broken by the insertion of the D-brane. They are implemented into our 
algebra W by the operators t g . It seems very hard to imagine that an exactly marginal unitary 
perturbation of a consistent CFT could make it inconsistent. Therefore, after performing a 
marginal perturbation corresponding to a left translation of W^Bq by g, we deduce that the 
amplitude 

(Bo\W^W^W^q^ Lo+L °-T2hgW^\ B ) (14) 

should satisfy a non-rational version of Cardy's condition: after a modular transformation 
q — ► q, (14 1 decomposes in a (possibly continuous) sum of character of a conformal vertex 
subalgebra of Qk (see [HJ 0]). Now, using the partition function identities reviewed above, we 
deduce that ( 14 ) is actually the partition function of open strings stretching between W£t g W£Bo 
and W£W®Bq. This shows that the non-rational D-brane W£t g W£Bo should be consistent with 
all the D-branes preserving the rational subalgebra a x k <8> Qk/&xk of Qk- It is possible to iterate 
this argument and apply it to D-branes produced by the action of higher degree monomials 
in W. Again, while this argument leaves little doubt about the existence of the non-rational 
D-branes generated by W, the rigorous verification of the modular properties of (14) seems out 
of reach. 



5 Geometric interpretation 

Now we will elucidate the geometry of the worldvolumes of the D-branes constructed in the 
previous section as boundary states. Such a geometrical interpretation is possible only in the 
limit k — > oo, where the target space is the group manifold G and D-branes can be pictured as 
submanifolds of G. At finite level, the algebra of functions on the target space of the quantum 
theory is finite dimensional and non-commutative, so no geometrical picture is available. We 
first briefly review some elementary notions of harmonic analysis on compact groups (see the 
chapters 3 and 4 of [2Z] for a precise and complete account). 

5.1 Harmonic analysis on compact groups 

Let V be any finite dimensional irreducible G-module and let p be the associated representation. 
Let 4> £ End(y) ~ V® V*. We can associate to a complex- valued function on G as follows: 

U(g) = Tr v (d>p(g)) , geG. (15) 

Conversely, any function / on G induces an endomorphism on V: 

4>J(v) = J G dgf{g)p{g)v , veV. (16) 



15 



Let us write 

R(G, C)=0y A ®y A .-0 End(V x ) , (17) 



where V\ is the irreducible highest weight G-module of highest weight A. (15) allows us to 
embed R(G,<D) into the algebra C(G, C) of continuous complex-valued functions on G. The 
Peter- Weyl theorem states that the image of this embedding is dense in C(G,<D). As a result, 
roughly speaking any continuous function / on G is determined by an operator (f>f on © Ae p B V\ 
preserving the direct sum decomposition and vanishing on almost all V\. We can interpret this 
duality clS cl generalized Fourier transform. 

The composition of elements of R(G, C) is related to the convolution product on C(G, C) 
by the Fourier transform. More precisely (cf. Lemma 3.43 in 



*\ ° $M = > with h * f2(g) = J dg'fi(g')f 2 (g'- 1 g) (18) 

This formula will be of crucial importance to us. 

5.2 The Fourier transforms of Wilson operators 

The restriction of any Wilson operator to the subspace of grade zero of H is an element of 
R(G, C), by the identification of the grade zero subspace of a Qk module with a g module. It is 
therefore natural to ask what is its Fourier transform, as a function on G. We will answer this 
question in the semi-classical regime k — ► oo. 

The Fourier transform of the delta distribution 5 g supported at a point g G G can be seen as 
an element in the completion R(G, <D) of R(G, C) obtained by dropping the finiteness condition 



implicit in the direct sum (|17h . From (16), we have clearly 



<t>S a \v x (v) = p x (g)v , v£V x for all AeP 9 , (19) 

where p\ is the representation of G on V\. 

Let Cq q be the conjugacy class of A C G passing through ciq. Consider the constant 
distribution 

^4 = voiW/ aWl 

supported on . By linearity, the operator associated to it is 



to* = j/a^^ = ^ j A da Px {aaoa 



aspb 



\JoJrJS E EE f da P{uXl) {aa a l ) , 
v ; AeP8 <tGP° i=i JA 



where we decomposed the irreducible G representation p\ into a direct sum of irreducible A- 
representations P( a ,\,i) °f highest weight a and multiplicity b\ a . f A da P(a.\,i)(o-o-o a l ) commutes 
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with the action of A, so must act by a multiple of the identity on the irreducible A-modules. 
Its eigenvalue is given by ^Tr CT (ao), where d a is the dimension of P( a ,\,i)- Therefore: 

</W = -j-Tc^oq) on V, x i) C V\ . 

We would like to compare 6 c a with a Wilson operator W3. We will make this comparison 
in a regime where k —>■ oo, r = Jctq, with to fixed. Note that if kro is an integrable weight at 
level k, then nkro, n G N, is an integrable weight at level n/c, so the limit k — ► oo makes sense. 
From (|3j), the eigenvalue of on V^^i) is given by 

a/ I _ r/r i „ n ^to- _ -S'tO "Sob "^ctt 

at I - \<J ~r f'aj 



; i i, ru/ / ca Qa qa qa 

\ K + tl J J 0a ^00 °(r0 J 0t 

Each factor on the right hand side can be expressed as a character, using the first equality. 
Taking the limit, we get: 

lim Wg TQ = ^xd-ZniTo)! on F (<TjA>i) . 

ft — ^OO Ltfj 

So up to a global irrelevant factor <i T0 , lim^oo WjL coincides with <fi C A if we identify ao = 



(— 2-kitq)*. Therefore, the Fourier transform of W£ TQ is given in the semi-classical limit by a 

. r 



constant distribution supported on the conjugacy class Cf_? 



5.3 The geometry of the non-rational WZW branes 



But now, using the convolution formula ( 18 ), we can easily recover the geometry of any D-brane 
obtained from a known brane by the action of elements in the Wilson algebra. Suppose that 
we have a D-brane supported in the semi-classical limit on some submanifold M C G. Let 
8m be the Fourier transform of the grade zero component of the boundary state, a constant 
distribution supported on M. Acting by tg on the boundary state corresponds to a convolution 
of 5m with Sf. 



fa* ... 

IG 



Sm = [ dg'5g{g')5 M {g'- l g) = Mrt) = <W<?) , (20) 
J G 

so t g , as expected, translates the worldvolume of the D-brane by the left action of g. Now 
suppose that we act with W% on the boundary state. The Fourier transform of the new boundary 
state is given up to a multiplicative constant by 

5 c a *5 M = / dg'5 C A {g')8M{g'~ 1 g) = S M '(g) , (21) 
Jg 

where M' = {gg'\g G C^ ,g' G M}. Therefore, geometrically, the action of W" amounts to 
change M into the pointwise left multiplication of M by the conjugacy class associated to W£. 
This result fits with [TT] [T2], where the worldvolumes of the D-branes ^ were shown to be 
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products of conjugacy classes in the semi-classical limit. 



Our geometric interpretation of defects is related to the one developed in [2E]- There, the 
so-called folding trick [2H] was used to see a defect as a D-brane on G x G (a "bi-brane"), which 
is then pictured as a submanifold of G x G in the semi- classical limit. [2S] associates to a 
maximally symmetric Wilson loop (with operator Wjl) the submanifold of G x G composed 
of all pairs (51,52) such that gig^ 1 G G9_ 2l ^ a "biconjugacy class". It turns out that this 
biconjugacy class is isomorphic to C9_ 27ri ^« x G. On the other hand, the Fourier transform 
discussed above assigns directly the conjugacy class C9_ 27ri/U )» to Wft. 

A geometrical formula for the fusion of a defect with a D-brane was also conjectured in |28J. 
Suppose that the bi-brane associated with the defect has worldvolume B £ G x G and the D- 
brane has world volume M G G, then their fusion should produce a D-brane with worldvolume 
M', with 

M' = Pl (p 2 1 (B)nM) . 

Pi are the projection of the ith factor of G x G on G. Using the definition of the biconjugacy 
class, we see that this prescription reproduces (21 ). The convolution formula therefore provides 
a justification for this geometrical fusion formula, in the case of topological defects joining two 
copies of the same WZW theory in the semi-classical limit. 



From an algebraic point of view, the restriction of Wilson operators to the grade zero sub- 
space of H, necessary to interpret them geometrically, is artificial. We are of course losing 
a lot of information in this process, and the convolution algebra of the corresponding func- 
tions/distributions is not equivalent to the Wilson algebra. There exist a Peter- Weyl theorem 
for loop groups [SUJ [HT|- However we do not know if an analog of the convolution formula holds 
in this case. 



6 Examples 

We already saw at the beginning of section [I] that in the case G = 577(2), the structure of the 
algebra is trivial and can be completely described. We now turn to the next examples in term 
of complexity, SU(3) at level 1, SU(3) at level 2 and USp{A) at level 1. 

Let us recall first (see section 14.2 of [13]) that the outer automorphism group of sufc(n) is 
the cyclic group of order n acting the affine fundamental weights ujq = (0, 1), uj\ = (u>i, 1), ... 

= (w n -i, 1). We denote between brace the projection of the affine weight on the weight 
space of 5u(n) and the level. As a result, if we use the usual parametrization of the level k 
affine weights by the weights of su(n), the outer automorphism group permutes cyclically the 
weights 0, kuJi, fcw„_i. 

The eigenvalues of the Wilson operators displayed below are computed from ^ and the 
explicit formulas for the modular S-matrix of affine Kac-Moody algebras (see for instance section 
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14.5 of [13]. 



6.1 SU(3) at level 1 

6.1.1 The structure of the algebra 

su(3) only has two types of nontrivial simple proper subalgebras, the regular su(2) subalgebras 
and the principal su(2) subalgebras. In the fundamental representation of su(3), they correspond 
to the embedding of a spin 1/2 or spin 1 representation of su(2). Their embedding index is 
respectively 1 and 4. 



Maximally symmetric Wilson operators: In the case of sUi(3), the only integrable weights 
are 0, uj\ and W2, and they are permuted by the outer automorphism group Z/3Z. As a result, 
the three maximally symmetric Wilson operators are given by 

wr = i, w™ = t z , w™=t Z 2, 

where z generates the center of SU(3). Explicitly, they act by scalar multiplication on H* Ul ^ 3 \ 
with the following eigenvalues: 



V 









iy ms 


1 


1 


1 


w ms 


1 


K 


K 2 




1 


K 2 


K 



e 2ni/3 



Regular su(2) Wilson operators: As the embedding index of a regular su(2) subalgebra 
is 1, the induced embedding of afflne Kac-Moody algebras is sui(2) C sui(3). siii(2) has only 
two integrable weights, and u>, and the outer automorphism group of siii(2) exchanges them. 
Therefore we have 

where z reg is the image in SU(3) of the nontrivial element of the center of SU(2). The action 
of Wi eg on H^ 1 is given by: 



a 


u 




1 -1 



Principal su(2) Wilson operators: The principal embedding of su(2) into su(3) induces 
an embedding 5114(2) C 5Ui(3). This embedding turns out to be conformal: the sui(3) inte- 
grable modules 0114(2) decompose into a finite number of 3114(2) modules. More explicitly, the 
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integrable highest weight modules of 3114(2) are labelled by nu, n = 0, 1, 2, 3, 4, and we have: 



H, 



Stii (3) 



s"u4(2) 



SU4(2) 



sin (3) 7^3111(3) 



1 -"U^j 



H, 



S"U4(2) 
2w 



(22) 



The action of the principal su(2) Wilson operators r on .ff*" 4 '' 2 '' is given by: 



a 





2w 


4w 


wS T 


V3 





-V3 


wZ 


2 


-1 


2 


wZ 


V3 





-V3 


wZ 


1 


1 


1 




w£ 


= t. 

•Spr 





(23) 



We have 

where the z pr is nontrivial element of the center of SU(2) (which happens to act trivially on the 



5114(2) modules appearing in the decomposition (22)). Prom (22), we see that WZ commutes 
with the whole action of sui(3). In fact, 



Wo pr = W ms + W ms 



tz+t ? 



Finally, we have from (23) 



ws 1 = wZ • 

(Note that this equality is true only due to the fact that the modules H c 
not appear in the decomposition of the siii(3) modules.) 



SU4(2) 



and H. 



SU4(2) 

3lo 



do 



So far we managed to remove all the Wilson operators except W% T from the presentation 
of the Wilson algebra. To understand the action of W% r , consider the outer automorphism 
generated by the symmetry of the Dynkin diagram of su(3). It extends to an automorphism^] $7 
of sUi(3). It is possible as well to define an action of O on the slii(3) integrable highest weight 
modules. The construction is straightforward: given a representation p M on a sui(3) module 
H^ 3 \ define a new representation 

p Q := P/1 o n = Pn{fl) . 

6 This automorphism does not appear in the outer automorphism group of siii(3), which is defined as the 
quotient of the symmetry group of the affine Dynkin diagram by the symmetry group of the finite Dynkin 
diagram. Q generates the latter. This puzzling definition of the outer automorphism group of an affine Kac- 
Moody algebra allows to obtain an isomorphism with the center of G, see section 14.2 of |13j . 
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The last equality implies that H^ 3 ^ endowed with the representation p n is isomorphic as a 
su(3) module to fljJJJ . If fi is a fixed point of f2, the latter induces a nontrivial endomorphism 

U(3) _^ ttS\ 

relation 



17^ : H^ 1 ^ — > Hfi\ J7 M acts trivially on the highest weight vector and satisfies the intertwining 



Sl^Jv) = n(J)%(v) , (24) 
for J G sui(3) and i> G H^ 3 \ For more details about this construction, see for instance 



We claim that 

iyP r ~ v^o on H^ (3) . (25) 

To check this claim, note that 5114(2) C 5Ui(3) is the subalgebra left fixed by 0. Qo acts trivially 
on the highest weight vector vq of Hq Ui ^ 3 \ so the submodule generated from vq by the action 
of 5114(2) is an eigenspace of eigenvalue +1. On the other hand, if we denote by J"i + ° 2 the 
generator of sui(3) of grade —1 associated with the sum of the two simple roots a\ and 02 of 
su(3), then i/^ 4{2) C #f l(3) is generated from the vector r\ +a2 v . As ft(J^ + ° 2 ) = -J^ +Q2 , 



we deduce that is an eigenspace of of eigenvalue —1. Comparing with (|23|), we get 



(25). 



From the definition (24) of CIq, we get the important relation 

WS% = t n{g) W^ . (26) 
Let us also remark that the square of W% r is a linear combination of elements of the center: 

(WTf = W £ + 1 = tz + tz2 + 1 , (27) 

as can be easily computed from the fusion rules of 5114(2). 

We are now equipped to give a concrete description of the algebra W in the case g = sui(3). 



W has a family of generators g G 577(3) and an extra generator W% T . The relations (26) and 



(27) allow us to write any element W of W in the following form: 

W = J2 n i t 9i + J2 n 'j t 9' j W " Vi eN > giJjeSUQ). (28) 
i i 

We will now interpret this result in term of D-branes. 
6.1.2 Action on boundary states 



Let us act with the element W defined in (28) on a DO-brane state. Clearly, any term of the 



form nt g will create n DO-branea^J translated on the group manifold by the left action of g. 

The terms of the form nt g W£ T are more interesting. The boundary state corresponding to 
a DO-brane centered at the identity of the group manifold SU (3) is given by 

\B ) = |0» + |wi» + |w2» . 



7 In the sui(n) theories, the only maximally symmetric Cardy type D-brane is the DO-brane. 
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Using (23) and the decomposition (22), it is straightforward to compute the action of WE* on 
\Bq) : 

WS r \ B ) = (J\ (| 0))^ 4(2) - | MW)) = 3 1/4 | 0)) n = | B$) . (29) 



Using the conformal embedding (22 ), we decomposed the Ishibashi state | 0)) = 2 1 / 2 (| 0)) S - U4 ( 2 ) + 



4w)) s - U4 (2)) into Ishibashi states for 5114(2), taking into account the normalization (p|. We then 



used the explicit action (23 ) of W% T , which yields a multiple of the twisted Ishibashi state 



(The latter is normalized according to the conventions of [23]). (29) is the boundary state 
of the D-brane twisted by the outer automorphism $7 [32] • Acting with a general monomial 
nt g W£ r will produce n copies of this twisted D-brane, translated on the group manifold by the 
left action of g. Therefore all the elements of the Wilson algebra produce either maximally 
symmetric or twisted D-branes when acting on the fundamental DO-brane state. 



The reader familiar with D-brane charges on group manifolds might be puzzled by (29). 



Prom we deduce that there exists a Kondo flow 3| Bq) — ► WE T \ Bq) = \ Bq) linking a stack 
of three maximally symmetric DO-branes to the twisted D-brane of SU(3). But it is well known 
[HI [2S] that the twisted D-branes carry a different type of K-theory charges than the maximally 
symmetric D-branes, and therefore they should not be linked by any boundary renormalization 
group flow. 

This paradox comes from the fact that we are considering a purely bosonic theory, whereas 
the boundary renormalization group flows admit conserved charges only in supersymmetric 
theories. Indeed, purely bosonic D-branes always have a tachyonic mode which allows them to 
decay into closed string radiation (see for instance [S5]). By adding fermions transforming in 
the adjoint representation of the Lie group and performing a type GSO projection, the WZW 
model can be turned into a supersymmetric theory, and all the known bosonic D-branes have 
worldsheet supersymmetric partners in the super WZW model. We refer the reader to the sec- 
tions 3 and 4 of [2S] for a detailed account of these constructions. In the supersymmetric theory, 
the D-brane obtained by the symmetry breaking Kondo flow described above and the twisted 
D-brane do not coincide anymore. Indeed, the closest supersymmetric analog of the bosonic 
sui(3) WZW model is the super WZW model based on 5114(3), which admits as chiral algebra 
5Ui(3) x S0i(8), the S0i(8) part coming from the fermions. The twisted D-brane is the bosonic 



twisted D-brane (29) tensored with a certain boundary state for 501(8). On the other hand, the 
fixed point of the symmetry breaking Kondo flow cannot be factorized in the same way. The 
construction of section 4.3 of [26] shows that it preserves a subalgebra 51114(2) C sui(3) xsoi(8), 
and clearly does not coincide with the twisted D-brane. 

The next two examples will display nontrivial Wilson operators which are not associated to 
conformal embeddings, leading to a much larger Wilson algebra and new non-rational D-branes. 
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6.2 SU(3) at level 2 

Maximally symmetric Wilson operators: The integrable weights of sii2(3) are 0, u>i, u>2, 
2u\, uj\ + ll>2, and 2u>2- They form two orbits of the outer automorphism group: {0, 2cui, 2u^\ 
and {uji,uj2-,oj\ +^2}- Therefore we have: 



- w™ = t z *W™ +0J2 , w™ = t z w™ +U)2 , 



where again z generates the center of SU (3). There is a single independent maximally symmetric 
Wilson operator, which eigenvalues on the integrable weight modules H^ 12 ^ are given in the 
following table: 

UJ\ UJ2 2uJ\ UJ\ + U>2 2u)2 



" UJI+U2 



where <fi = \ (a/5 + 1) is the golden ratio. 



Regular su(2) Wilson operators: We have a regular embedding sii2(2) C sii2(3). The 
integrable weights of 5112(2) are 0, uj and 2uj, and the outer automorphism group exchanges 
and 2a;, so the only independent Wilson operator is W^ eg , which acts on H*" 2 ^ with the 
following eigenvalues: 





uj 


2uj 




y/2 


-V2 



Principal su(2) Wilson operators: Under the principal embedding, the sii2(3) modules 
decompose into sus(2) modules with highest weight 0, 2u, 4oj, 6a; and 8a;. The Wilson operators 
are labeled by the weights nu>, < n < 8. The outer automorphism act as nuo — > (8 — n)u>, 
leaving four independent Wilson operators. The action of r on the modules is given 

by the following eigenvalues: 



a 





2uj 


Auj 


6a; 


8a; 


ws r 


0l/2 5 V4 


^-1/251/4 





_0-l/2 5 l/4 


_0i/2 5 i/4 


w£ 




r 2 


-1 


r 2 




wZ 


^3/2 5 l/4 


_^-3/2 5 l/4 





^-3/251/4 


-03/2 5 l/4 


wz 


2(f) 


-2(f)- 1 


1 


-2(f)- 1 


2(f) 



Using the fusion rules of sus(2), we have the relations: 

wz + 1 = (wsr , wz + 2WS 1 = (WE 1 ) 3 

wz + s(wsy = (wsy + i. 



(30) 
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As we are working in an algebra over a semiring, we cannot perform the subtractions that would 



be needed to eliminate WnL, n = 2,3,4 from the presentation. However, the equations (30) 
allow to translate any extra relation to be found for WS* into relations for the other principal 
su(2) Wilson operators. 

In the case of sui(3), the conformal embedding allowed to compute the commutator of 



the nontrivial principal Wilson operator W% z with the group defects t g (26), what yielded a 
dramatic simplification of the Wilson algebra: it implied that any monomial can be expressed 
as a sum of monomials of degree or 1 in W% r . No such relation occurs at level 2, and it is 
unclear to us whether other relations may hold. 

If our set is complete, a typical monomial in the Wilson algebra has the following form: 

nt gm+1 W m t gm W m . 1 ...W 2 t g2 W 1 t gi (W™y , (31) 

where m, n G N, p G {0, 1}, gi G 5*7(3) , Wi = W r J g , W? T . For this monomial to be irreducible, 
whenever W%-\ and Wi are associated to the same SU(2) subgroup, gi should not belong to the 
center of this subgroup. 

Still assuming that no further relations hold, the action of these monomials on the DO-brane 



boundary state yields distinct boundary states. The D-brane produced by (31) is a stack of n 
copies of the fundamental boundary state 

W m t grn W rn - 1 ...W 2 t g2 W 1 (W™) p \B ) , 

translated on 5*7(3) by the left action of g m +i and by the right action of g\. The rational and 
previously known boundary states are those obtained from the monomials containing either a 
single or no symmetry breaking Wilson operator. 

6.3 USp(4) at level 1 

sp(4) ~ so(5) has a two-dimensional weight space. The short simple root a\ of square norm 
1 and the long simple root a 2 of square norm 2 are at an angle of 37r/4. The corresponding 
fundamental weights will be labeled u% and cu 2 . 

Clearly, the simple subalgebras of sp(4) can only be isomorphic to su(2). They are conjugate 
to one of the following subalgebras: 

• The "long" regular su(2) subalgebra which weight space is the line £a 2 , £ G R. It has an 
embedding index of 1. 

• The "short" regular su(2) subalgebra which weight space is the line tax, £ G R. It has an 
embedding index of 2. 

• The principal su(2) subalgebra which weight space is the line £(3a>i + 2a 2 ), £ G R. It 
embedding index is 10, and it comes from the 5 dimensional real representation of su(2) 
in so(5). 
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Maximally symmetric Wilson operators: The integrable weights of ip 1 (4) are 0, oj\ and 

u>2- The outer automorphism group exchanges and u>i, so W™ acts like the nontrivial element 
of the center of USp(4). The eigenvalues of W™ s on the modules H^ Pl ^ are given by 





u>i 


UJ2 


w ms 


V2 


-V2 



Long regular su(2) Wilson operators: As the embedding index is 1, the corresponding 
Kac-Moody subalgebra is at level 1, and the Wilson operators can be identified with elements 
of the center of SU(2). Therefore they can be eliminated from the presentation. 



Short regular su(2) Wilson operators: The Wilson operators associated with the inte- 
grable weights and 2u of sii2(2) are identified with the elements 1 and —1 of the center 
of SU(2). They are mapped by the embedding onto group elements of USp(4) and can be 
eliminated from the presentation. W^ eg acts as follows on H^ 2 ^: 





uj 


2uj 


w£ eg 


V2 


-V2 



Using the fusion rules of SU2 (2) , we have 

(W* e s) 2 = l + t_L (32) 



Principal su(2) Wilson operators: The integrable weights of siiio(2) are nw, n = 0, 10, 
and the outer automorphism group exchanges nuj and (10 — n)uj. The embedding suio(2) C 
sp 1 (4) is conformal and the branching rules are given by (cf. [13"] . section 17.5.2) 

o- s Pi( 4 ) ^ tjSu 1q (2) ttSU 10 (.2) 
U — U ® n Qu) > 

rr4>i(4) ^ rr«Ulo(2) „ rrSUio(2) 

H-SPi(4) ^ tjSU 1Q (2) rrSUi (2) 
rtuj 2 — n 4to ® n l(hj 
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The eigenvalues of the independent Wilson operators on H, 

Zuj 



suio(2) 



are given by 



u 



wZ 



wZ 

wZ 
wZ 



\/2> 
2ip 



4oj 


6uj 


7w 


lOw 




-tfj- 1 


-1 


-i> 















1 




v>- 2 




-1 






-2^ _1 








where ip = ^t 1 . Like in the case of SU2(3), the fusion rules of siiio(2) allow to deduce relations 
between the operators WZ , so that practically we only have to understand the action of WZ ■ 
They read: 

wZ + 1 = (WZ) 2 , wZ + 2WZ = (WZ? , 
wZ + KwZ) 2 = (wZf + t. 

More interestingly, the conformal embedding allows us to deduce the relations 



(33) 



WZ = WZ^Z and WZ 



(wz:?wz . 



Combining the first equations of (33) and (34), we get 

(wz) 2 = w™wz + 1 , 

so that any power of WZ can be reduced to terms of degree zero or one in WZ ■ 



(34) 
(35) 



With the relations derived so far, we have reduced the generators of the Wilson algebra of 
sp 1 (4) to the set 



{t g , wzz wz s , WZ} , 9 G USp(4) ,* = <*}, 



5co 



With the relations ( [32] ) , (33), (35) in addition to the universal relations in ([9]). The situation 
is similar to the one encountered for SU(3) at level 2: as USp(4) does not have any outer 
automorphism and as WZ S and WZ clearly do not coincide with inner automorphisms, no 



relation of the form (26) can hold for all g £ USp(4). However we cannot prove that the 
relations we found form a complete set. 

If no further relations hold, a generic monomial in the algebra involves products of an 
arbitrary large number of generators, of the form 



n 



t gm+1 w m t gm ...w^w^iwz^y 



where n,m G N , p G {0,1}, gi G USp(4) and W% = WZ e , WZ ■ 9i does not belong to the 
center of USp(4) if W% and Wj+i are associated to the same subalgebra of sp(4). 
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7 Generalizations 



Finally, we briefly discuss generalizations of our results to WZW models with non-diagonal 
modular invariants and coset models. 

So far we considered only WZW models with charge conjugation modular invariant, whose 
state space is given by §2§. There exist models with different state spaces, whose torus partition 
function is nevertheless modular invariant. W is purely chiral, so it acts on the state space of 
WZW models with any modular invariant, as well as on the boundary states of these models. 
It may happen that some integrable modules are missing in the state space of the models with 
nontrivial modular invariants. In this case, additional relations between elements of W may 
appear, because the Wilson algebra was not defined intrinsically, but rather through the ac- 
tion of the Wilson operators on the state space. A phenomenon of this type was encountered 
for the Wilson loops associated to the principal su(2) subalgebras of su(3), see the table (23). 
Moreover, one may want to consider as well the "antiholomorphic" Wilson algebra, defined with 
the Wilson operators and group defects built out of the antiholomorphic current J. Indeed, 
its action does not necessarily coincide with the action of the holomorphic Wilson algebra for 
models with nontrivial modular invariant. Still, the two actions always commute, so no new 
difficulty should appear in the analysis. 



Coset models can be seen as WZW models for which a subgroup H C G has been gauged. 
Consistency with the gauging requires the boundary states and defect operators to be invariant 
under the action of the affine Kac-Moody subalgebra \] y k C g^, where y is the embedding index 
of f) = Lie(ff) C 0. The state space of the gauged WZW model is built out of the Hilbert 
spaces H^ k ^ Sk defined under (4). Only the ^-invariant part W^ fe of W can act on H^ k ^ 5k . 
It is not difficult to find a set of generators for W^ yk . They are given by: 

• t g , with g belonging to the centralizer of H in G. 

• W a , with f) C o C fj. 

• W a with a] = 0. 

The relations of ([9| still hold. This construction will not provide any new D-brane for coset 
models associated with maximal Lie group embeddings. 
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A Algebras over a commutative semiring 

The definition of an algebra over a commutative semiring, though elementary, is not easily 
found in the litterature. We recall it here. 

Definition A commutative semiring R is a set endowed with two operations, addition (+) and 
multiplication (*), such that 

• (R, +) is a commutative monoid with Or as identity element; 

• (R, *) is a commutative monoid with identity element 1r; 

• the multiplication is distributive over the addition from either side; 

• Or* a = a* Or = Or for all a G R; 

• Or + 1r. 

The fact that the additive law provides R with a structure of monoid instead of a group struc- 
ture implies that the addition is not necessarily invertible. The basic example of a commutative 
semiring is given by the natural integers N, endowed with the familiar addition and multipli- 
cation. 

Definition A semimodule over a commutative semiring R is a commutative monoid (M, +) 
with identity element Om endowed with a scalar multiplication Rx M — ► M, (r, m) — ► rm such 
that 

• (rr')m = r{r'm); 

• r(m + m') = rm + rm' ; 

• (r + r')m = rm + r'm; 

• l R7n = m; 

• rO M = M = R m 

for all r, r' £ R, m, m! £ M. 

The set of D-branes forms a semimodule over N, where n 6 N acts on a D-brane B by producing 
a stack of n copies of B. 

Definition An algebra A over a commutative semiring R is a semimodule over R endowed with 
a bilinear product *; 

a * (a + a") = a* a + a* a" , (a + a") * a = a * a + a" * a 

(ra) * a = r(a * a) = a* (ra) , 

for all a, a', a" G A and r G R. If the product is associative or admits a unit, A is said to be 
associative or unital. 
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The set of topological defects form an associative unital algebra over N. One can define a 
(not necessarily commutative) semiring by dropping the commutativity condition on the mul- 
tiplicative law, and check that an associative unital algebra over a commutative semiring is in 
fact a semiring. In this paper, we prefer to see the topological defects as an algebra over N 
to emphasize the natural scalar multiplication by positive integers, corresponding to stacking 
identical defects. 
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